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Two-time energy spectrum of weak magnetohydrodynamic turbulence
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Florida Institute of Technology, 150 W University Blvd, Melbourne, Florida, 32901, USA
In this work a weak-turbulence closure is used to determine the structure of the two-time power spectrum
of weak magnetohydrodynamic (MHD) turbulence from the nonlinear equations describing the dynamics. The
two-time energy spectrum is a fundamental quantity in turbulence theory from which most statistical properties
of a homogeneous turbulent system can be derived. A closely related quantity, obtained via a spatial Fourier
transform, is the two-point two-time correlation function describing the space-time correlations arising from the
underlying dynamics of the turbulent fluctuations. Both quantities are central in fundamental turbulence theories
as well as in the analysis of turbulence experiments and simulations. However, a first-principles derivation of
these quantities has remained elusive due to the statistical closure problem, in which dynamical equations for
correlations at order n depend on correlations of order n+ 1. The recent launch of the Parker Solar Probe
(PSP), which will explore the near-Sun region where the solar wind is born, has renewed the interest in the
scientific community to understand the structure, and possible universal properties of space-time correlations.
The weak MHD turbulence regime that we consider in this work allows for a natural asymptotic closure of the
two-time spectrum, which may be applicable to other weak turbulence regimes found in fluids and plasmas. An
integro-differential equation for the scale-dependent temporal correlation function is derived for incompressible
Alfvénic fluctuations whose nonlinear dynamics is described by the reduced MHD equations.
I. INTRODUCTION
Incompressible magnetohydrodynamics (MHD) not only
provides the simplest framework to describe plasma turbu-
lence in magnetized plasmas, but often provides an accurate
description of the low frequency nonlinear dynamics at spa-
tial scales much larger than any plasma microscale, such as
particle gyroradii [1]. MHD equations describe the dynamics
of fluctuations of plasma velocity v(x, t) and magnetic field
B(x, t) propagating along a background magnetic field B0.
However, MHD turbulence is best studied in terms of the so-
called Elsasser variables z± = v±b(
∂
∂ t
− svA ·∇
)
zs +
(
z−s ·∇)zs =−∇P, (1)
where s = ±, vA = B0/
√
4piρ0 is the Alfvén velocity asso-
ciated with the constant background magnetic field B0, b =
B/
√
4piρ0 is the fluctuating Alfvén velocity, P = (p/ρ0 +
b2/2), p is the plasma pressure and ρ0 is the background
plasma density. Incompressibility imposes the additional con-
dition ∇ · zs = 0. The advantage of the Elsasser description
stems from the fact that nonlinear interactions responsible for
the turbulence take place only when fields z+ and z− spatially
overlap, otherwise, zs behave as noninteracting, nondispersive
counterpropagating Alfvén waves.
Most of the recent theoretical and numerical progress in
MHD turbulence so far has been concerned with understand-
ing the spectral distribution of energy among spatial scales at a
fixed time[1–14]. Moreover, solar wind turbulent signals are
used to investigate the spatial properties of the turbulent so-
lar wind by relying on Taylor’s hypothesis (TH) [15], which
posits that the temporal variation of spacecraft signals is solely
due to the spatial variation of frozen structures passing by the
observation point. In contrast, the actual space-time structure
of the turbulence has been investigated to a much lesser ex-
tent, perhaps in part because most testable theoretical predic-
tions and models are concerned with its spatial structure, and
because comparison with observations strongly relies on the
TH [16]. However, it has been recently shown that TH might
not be valid in the near-sun region where the Parker Solar
Probe (PSP) mission [17] will explore, and that the accurate
interpretation of PSP time signals will require an understand-
ing of how turbulent structures decorrelate in time [18, 19].
In other words, modeling the two-point two-time correlation
function of MHD turbulence becomes a necessity for the in-
terpretation of single-probe turbulent signals in the PSP era,
motivating our interest in this work on the physics of temporal
decorrelation of turbulent fluctuations.
Although dynamical equations governing the evolution of
these space-time correlations can be formally obtained from
the dynamical equations of the turbulent fluctuations, they in-
evitably result in an under-determined system of equations,
i.e., one in which there are always more unknowns than equa-
tions. Because this so-called closure problem requires ad-
ditional ad hoc assumptions about the undetermined quanti-
ties, a first-principles derivation of the space-time correlation
has remained elusive even in the simpler case of incompress-
ible Hydrodynamic turbulence. As a result, investigations of
space-time correlations in MHD turbulence have been lim-
ited to numerical simulations and phenomenological model-
ing [20–24]. For instance, Servidio et al. [20] and Lugones
et al. [21] investigated the space-time correlation of magnetic
fluctuations in simulations of MHD turbulence, with and with-
out a guide field, and suggested that the temporal decorre-
lation of fluctuations may be associated with hydrodynamic
and magnetic sweeping and/or Alfvénic propagation depend-
ing on the degree of magnetization. Recently, a number of
phenomenological models have been proposed to explain re-
sults from numerical simulations and to develop new method-
ologies to interpret solar wind observations beyond TH [22–
24], by extending Kraichnan’s sweeping hypothesis of hydro-
dynamics [25], which states that the temporal decorrelation of
small-scale turbulent fluctuations is due to the random advec-
tion by large scale velocity fluctuations.
For spatial correlations (two-point one-time), a successful
asymptotic closure has been accomplished in the weak tur-
2bulence (WT) regime to leading order in the turbulent am-
plitudes and without any ad-hoc assumptions [2]. The main
objective of this work is to obtain a similar WT closure for
the space-time correlation function. Although there is no ev-
idence yet for the existence of weak MHD turbulence in the
solar wind, the results of this work can potentially be used
to establish the existence of such a regime from observations
of current multi-spacecraft missions, such as Cluster [26] and
Magnetospheric Multiscale (MMS) [27], as well as future mis-
sions currently being proposed to investigate solar wind tur-
bulence by multipoint measurements from an array of space-
craft [28, 29].
Aside from its potential relevance for current and future
solar wind missions, the WT regime allows for a systematic
asymptotic closure that can shed new physical insights and/or
provide new theoretical constraints on the temporal decor-
relation mechanisms of MHD turbulence. Furthermore, our
results may also be applicable to other regimes of fluid and
plasma turbulence, such as surface gravity waves [30], com-
pressible MHD waves [31], gravitational waves in the early
universe [32], waves in rotating planetary flows [33], and non-
Newtonian electrohydrodynamic flows [34].
II. BACKGROUND
A. Governing equations
For a strong background magnetic field B0 = |B0|eˆz, with
|B0| ≫ |b|, the universal properties of MHD turbulence can
be accurately described by neglecting the field-parallel com-
ponent, zs‖, of the fluctuating fields (the pseudo-Alfvén fluc-
tuations) that play a sub-dominant role in the turbulence dy-
namics (see [10] and references therein), i.e. we can set zs‖= 0
in Eq. (1) to obtain the following governing equation for the
Fourier amplitudes
(
∂
∂ t
− sik‖vA
)
zs(k, t) =−ε [(z−s ·∇)zs]nc
k
, (2)
where zs(k, t) = (zsx(k, t),z
s
y(k, t),0), k‖ is the component of
the wavevector k along the background magnetic field and
ε is a dimensionless ordering parameter that quantifies the
strength of the fluctuation amplitudes [35]. The right-hand
side of Eq. (2) represents the Fourier-transformed nonlinear
terms, which have the form of a convolution of the Fourier-
amplitudes with the pressure properly chosen to ensure the
fluctuations remain noncompressive (nc). It can be shown
that this model is equivalent to the two-field reduced MHD
(RMHD) model [36, 37].
By virtue of the incompressibility condition k⊥ ·zs = 0, we
can introduce two Elsasser potentials ψs(k, t)
zs(k, t) = iψs(k, t)eisk‖vAt eˆk, (3)
where eˆk ≡ k⊥× eˆz/k⊥. The complex exponential in this def-
inition is introduced as an integrating factor to account for
the linear dynamics, in which case the fields ψs(k, t) describe
the true variation of the wave amplitudes due to the nonlin-
ear dynamics. From Eq. (2), the governing equations for the
shear-Alfvén Fourier amplitudes ψs(k, t) become
∂
∂ t
ψsk(t) = ε
∫
dpdqMk,pqψ
s
p(t)ψ
−s
q (t)e
−2isq‖vAtδk,pq, (4)
where
Mk,pq ≡
(k⊥ ·p⊥)(k⊥×q⊥)‖
k⊥p⊥q⊥
, (5)
δk,pq ≡ δ (k−p−q), and ψsk(t)≡ ψs(k, t). (6)
B. The two-point two-time correlation
The space-time structure of MHD turbulence is investigated
using the two-point two-time correlation function
Cs(x,x′;t, t ′) =
〈
zs(x, t) · zs(x′, t ′)〉 , (7)
which measures the covariance between the values of each
Elsasser variable zs at two different locations separated by a
distance r = x′− x and with a time delay (or lag) τ = t ′− t.
In Eq. (7) 〈· · · 〉 is used to denote ensemble average over tur-
bulence realizations. For homogeneous turbulence this corre-
lation depends only on the relative vector r and can be written
as
Cs(r;t, t ′) =
∫
dkhs(k, t, t ′)e−ik·r (8)
where
hs(k, t, t ′)≡ 〈zs(−k, t) · zs(k, t ′)〉 , (9)
is the two-time power spectrum and zs(k, t) are the Fourier
amplitudes of the Elsasser fields. The two-time spectra de-
fined in Eq. (9) are related to the two-time spectra for Elsasser
potentials through the simple transformation
hs(k, t, t ′) = h˜s(k, t, t ′)eisk‖vA(t
′−t), (10)
where
h˜s(k, t, t ′)≡ 〈ψs−k(t)ψsk(t ′)〉 . (11)
The space-time correlation function defined in Eq. (7) is
not only one of the most fundamental quantities in turbulence
theory but is also important in the analysis and interpretation
of experimental and simulation data, such PSP measurements
in the spacecraft frame in terms of space-time properties in
the plasma frame when the TH is no longer applicable [22–
24]. A better understanding of the space-time dynamics of the
turbulence will allow observers to maximize the information
and interpretation of PSP measurements.
C. The two-time vs one-time energy spectrum
The one-time (spatial) three dimensional power spectra fol-
lows from the two-time spectra when t ′ = t,
es(k, t)≡ 〈ψs−k(t)ψsk(t)〉= hs(k, t, t), (12)
3which allows one to define the scale-dependent time correla-
tion function as
hs(k, t, t ′) = es(k, t)Γs(k, t, t ′), (13)
where by definition Γsk(t, t) = 1.
It is important to point out that two-time correlations and
two-time power spectra capture additional information not
present in their one-time counterparts. The former provide
information about the time memory of the turbulence by re-
lating turbulence properties at two separate times, while the
latter contain only spatial information at any given time dur-
ing the turbulence evolution.
A better interpretation of two-time correlations is normally
provided through the simple change of variables t, t ′→ t,τ =
t ′− t. The role of each of these time variables in the two-
time correlations is very different. On one hand, the time t
tracks the temporal evolution of the turbulence from some ini-
tial state at t = t0, after which the turbulence can either de-
cay in an undriven system or transition to a steady state in
the driven case. On the other hand, the time variable τ sim-
ply represents a time delay introduced to investigate the time
memory of the system at any given time t through temporal
correlations. Because fluctuations decorrelate in a finite time,
it follows that Γs(k,τ)→ 0 when τ → ∞. Eq. (13) thus be-
comes
hs(k, t,τ) = es(k, t)Γs(k, t,τ). (14)
Weak turbulent closures for one-time quantities, in both fluids
and plasmas [38], provide a closed wave-kinetic equation de-
scribing the true time evolution of the energy spectrum es(k, t)
in the variable t. The wave-kinetic equation is thus an initial
value problem from which decaying or steady state solutions
can be obtained.
In the steady state, the one-time spectrum es(k) is indepen-
dent of t and two-time quantities are a function of τ only;
therefore (14) becomes
hs(k,τ) = es(k)Γs(k,τ). (15)
The two-time power spectrum can also be Fourier trans-
formed with respect to the variable τ to define the wavevector-
frequency power spectrum
hs(k,ω) =
1
2pi
∫
hs(k,τ)eiωτ dτ, (16)
which measures the spectral distribution of energy by
wavevector and frequency. Because the Fourier transform in
this equation involves only τ , it follows from Eq. (15) that
hs(k,ω) = es(k)Γs(k,ω), (17)
where Γs(k,ω) is the Fourier transform of Γs(k,τ) with re-
spect to the variable τ . The advantage of Eqs. (15) and (17) is
that they allow for the separation of the purely spatial part of
the correlation function, typically investigated in theory and
simulations, from the scale-dependent temporal part, which
is the subject of this work. The two quantities hs(k,τ) and
hs(k,ω) are simply different representations of the correla-
tion function Cs(r,τ), obtained via Fourier transforms and
thus contain the same information as the two-point two-time
correlation function.
A large body of works have been devoted to understand-
ing the structure of the two-time power spectrum, or equiva-
lently the scale-dependent time correlations Γs(k,τ) and cor-
responding Fourier transform Γs(k,ω), from analytical clo-
sures, numerical simulations, and phenomenological mod-
eling, in both hydrodynamics and MHD turbulence [20–
24, 39, 40]. For instance, based on purely heuristic argu-
ments Zhou et al. [39] proposed the following general form
for the scale-dependent time correlation of MHD turbulence
Γs(k,τ) = eisk‖vAτ e−γ
s
nl
(k)τ e−[γ
s
sw(k)τ]
2
. (18)
More recently phenomenological models have been proposed
in the context of MHD turbulence, such as Narita [24] who
extended Kraichnan’s sweeping hypothesis to MHD turbu-
lence to obtain a model of Γs(k,ω) that is consistent with
Eq. (18) for γnl = 0 and where the sweeping decorrelation is
γssw ∝ z
−s
rmsk⊥, where zsrms represents the root mean square (rms)
value of the zs field at the outer scale. However, Bourouaine
and Perez [18] determined from simulations of imbalanced,
reflection-driven MHD turbulence that the two Elsasser fields
decorrelate at a common speed consistent with the rms of ve-
locity at the outer scale, and later developed a new model for
the correlation in which the sweeping is solely attributed to
hydrodynamic sweeping, and γssw(k) ∝ k⊥u0 [22, 23].
The main goal of this work is to obtain a closed equation
that describes the τ dependence of the temporal correlations
hs(k,τ), when the system is in steady state with respect to
t, for the WT regime. The advantage of the WT turbulence
regime is that a first-principles, albeit asymptotic, closure for
the correlation can be obtained and compared with other mod-
els for the scale-dependent time correlations. In the next sec-
tion we will first present a brief derivation of Galtier et.al. [2]
WT closure for es(k, t), which will later be extended to the
two-time power hs(k,τ).
III. WT CLOSURE FOR THE ONE-TIME SPECTRUM
In this section we present a concise derivation of Galtier
et al. [2] WT closure for MHD turbulence with respect to the
time t. For this purpose, Eqs. (4) and (12) are used to ob-
tain the governing equation for the one-time spectrum esk(t) as
follows
4∂
∂ t
esk(t) =
∂
∂ t
〈
ψs−k(t)ψ
s
k(t)
〉
=
〈
∂
∂ t
ψs−k(t)ψ
s
k(t)
〉
+
〈
ψs−k(t)
∂
∂ t
ψsk(t)
〉
= ε
∫
dpdq
[
M−k,pq
〈
ψsk(t)ψ
s
p(t)ψ
−s
q (t)
〉
δ−k,pq +Mk,pq
〈
ψs−k(t)ψ
s
p(t)ψ
−s
q (t)
〉
δk,pq
]
e−2isq‖vAt . (19)
The two terms in the last integral can be regrouped by chang-
ing p→−p and q→ q in the first integral to get
∂
∂ t
esk(t) = 2ε
∫
dpdqMk,pqRe
[
Qs−kp(t)e
−2isq‖vAt
]
δk,pq,
(20)
with the third-order correlation defined as
〈
ψsk(t)ψ
s
p(t)ψ
−s
q (t)
〉≡ Qskp(t)δ (k+p+q). (21)
Similarly, the evolution of the third-order correlation
∂
∂ t
〈
ψsk(t)ψ
s
p(t)ψ
−s
q (t)
〉
=
= ε
∫
dldnMk,ln
〈
ψsl (t)ψ
−s
n (t)ψ
s
p(t)ψ
−s
q (t)
〉
× e−2isn‖vAtδk,ln +(sk↔ sp↔−sq) (22)
depends on fourth-order correlation functions. Here, (sk ↔
sp↔−sq) indicates two more similar terms obtained from all
unique permutations of sk,sp,−sq. Fourth-order correlations
can be rewritten in terms of the fourth-order cumulant, defined
as
{
ψsp(t)ψ
s
l (t)ψ
−s
q (t)ψ
−s
n (t)
}
=
〈
ψsp(t)ψ
s
l (t)ψ
−s
q (t)ψ
−s
n (t)
〉
− 〈ψsp(t)ψsl (t)〉〈ψ−sq (t)ψ−sn (t)〉
− 〈ψsp(t)ψ−sq (t)〉〈ψsl (t)ψ−sn (t)〉
− 〈ψsp(t)ψ−sn (t)〉〈ψsl (t)ψ−sq (t)〉 . (23)
Assuming negligible correlations between ψs and ψ−s wave
amplitudes it follows
〈
ψsp(t)ψ
s
l (t)ψ
−s
q (t)ψ
−s
n (t)
〉
= esp(t)e
−s
q (t)δ (p+ l)δ (q+n)
+
{
ψsp(t)ψ
s
l (t)ψ
−s
q (t)ψ
−s
n (t)
}
. (24)
The WT closure becomes possible, as can be rigorously
shown [2, 41], because for small ε the fourth-order cumu-
lant evolves over two disparate timescales: a fast linear wave
timescale at zero order ε0t and a much slower nonlinear
timescale at order ε2t associated with the energy transfer be-
tween counterpropagating waves. Hence, to leading order in
ε , the contribution from the fourth-order cumulant to the evo-
lution of Qs−kp arises from the zero-order (ε
0) wave ampli-
tudes. However, at zero order the linear dynamics irreversibly
drives the wave amplitudes towards a state of joint Gaussian-
ity, in which case the fourth-order cumulant vanishes to zero-
order in ε . As rigorously shown by Benney et al. [41] for
general systems of weakly interacting waves, the zero-order
wave amplitudes can then be assumed to be Gaussian random
fields in Eq. (22), thereby closing the moment hierarchy. Al-
though nonlinear wave couplings regenerate fourth order cu-
mulants over the longer ε2t timescale, they do not contribute
to leading order in Eq. (22). Combining (21) (22) and (24)
and discarding the fourth order cumulant we obtain a set of
closed equations for the third-order moment
∂
∂ t
Qs−kp = εMk,p(k−p)
(
esp− esk
)
e−sk−pe
2is(k‖−p‖)vAt . (25)
Long time solutions of Eq. (25) can be used in Eq. (20) to
obtain the wave-kinetic equation
∂
∂ t
esk =
ε2pi
vA
∫
dpdqM2k,pq
(
esp− esk
)
e−sq δ (q‖)δk,pq. (26)
One important consequence of this closure is the fact
that turbulent energy is strictly transferred to small field-
perpendicular scales, given that three-wave interactions al-
ways involve modes with q‖ = 0 and the resonance condi-
tion k = p+q implies k‖ = p‖. As a consequence, k‖–planes
evolve independently and the parallel spatial structure of the
turbulence is not altered. The power spectrum can then be
factored out as es(k) = E s(k⊥)gs(k‖), where E s(k⊥) is the
field-perpendicular power spectrum for zs waves defined so
that
Es =
∫
dk⊥E s(k⊥) (27)
is the total energy of zs waves. gs(k‖) is a nonuniversal func-
tion that determines how the energy of the waves is distributed
among the field-parallel scales [42].
IV. WT CLOSURE FOR THE TWO-TIME SPECTRUM
A similar procedure is followed to obtain a closure for the
two-time correlation function, defined in Eq. (11), to leading
order in ε . From the governing equations of ψsk(t) it follows
∂
∂ t ′
〈
ψs−k(t)ψ
s
k(t
′)
〉
=
〈
ψs−k(t)
∂
∂ t ′
ψsk(t
′)
〉
= ε
∫
dpdqMk,pqQ
s
−kp(t, t
′)e−2isq‖vAt
′
δk,pq, (28)
where we again run into a similar problem in which the
equations for second-order correlations depend on third-order
ones, in this case at two different times,
〈
ψs−k(t)ψ
s
p(t
′)ψ−sq (t
′)
〉≡ Qs−kp(t, t ′)δ (k−p−q). (29)
5In turn, the evolution of the third-order correlation is
∂
∂ t ′
〈
ψs−kψ
′s
pψ
′−s
q
〉
= ε
∫
dldnMp,ln
〈
ψs−kψ
′s
l ψ
′−s
n ψ
′−s
q
〉
e−2isn‖vAt
′
δp,ln
+ ε
∫
dldnMq,ln
〈
ψs−kψ
′s
pψ
′−s
l ψ
′s
n
〉
e2isn‖vAt
′
δq,ln (30)
where ψ ′ is a shorthand for amplitudes evaluated at t ′. As ex-
pected, the third-order correlation depends also on two-time
fourth order correlations. Expressing the fourth order corre-
lations in terms of second-order ones and fourth order cumu-
lants [43]
〈
ψs−kψ
′s
l ψ
′−s
n ψ
′−s
q
〉
= h˜sk(t, t
′)h˜−sq (t
′, t ′)δ (k− l)δ (q+n)
+
{
ψs−kψ
′s
l ψ
′−s
n ψ
′−s
q
}
. (31)
The fourth order cumulants in the last equation can also be
discarded from Eq. (30) for long times (of order ε2t) for the
same reason they are discarded in the one-time case, namely,
that the leading contribution to the right-hand side of Eq. (30)
arises from zero-orderwave amplitudes, which reach a state of
joint Gaussianity over the linear timescale of order ε0t. There-
fore it follows from Eq. (30) that for long t
∂
∂ t ′
Qs−kp(t, t
′) =−εMk,pqh˜sk(t, t ′)e−sq (t ′)e2isq‖vAt
′
. (32)
Eq. (28) and (32) now become a closed set of equations for
the second- and third-order correlations. Eq. (32) can be inte-
grated between t and t ′ to obtain
Qs−kp(t, t
′) = −εMk,pq
∫ t′
t
dt ′′h˜s−k(t, t
′′)e−sq (t
′′)e2isq‖vAt
′′
,
(33)
which upon substitution in Eq. (28) leads to
∂
∂ t ′
h˜sk(t, t
′) =−ε2
∫
dpdqM2k,pqδk,pq
×
∫ t′
t
dt ′′h˜sk(t, t
′′)e−sq (t
′′)e−2isq‖vA(t
′−t′′). (34)
Considering long-time and steady-state behavior (in the vari-
able t) with t ′, t ′′ > t, the two-time power
h˜sk(t, t
′′) = eskΓ˜
s
k(t
′′− t), (35)
can be used in Eq. (34) to obtain
∂
∂τ
Γ˜sk(τ) =−ε2
∫
dpdqM2k,pqδk,pqe
−s
q
×
∫ τ
0
dτ ′Γ˜sk(τ
′)e−2isq‖vA(τ−τ
′) (36)
where the one-time spectra esk factored out from the evolution
in t ′. Integrating over variable p and using explicit expression
for Mk,pq, the following equation is obtained for the correla-
tion function Γ˜sk(τ)
∂
∂τ
Γ˜sk(τ) =−ε2I(k⊥)
∫ τ
0
dτ ′Γ˜sk(τ
′)h−s0 (τ− τ ′) (37)
where
Is(k⊥) = k2⊥
∫ ∞
0
dq⊥E −s(q⊥)G(q⊥/k⊥) (38)
G(ξ )≡
∫ pi
0
dφ
pi
(1− ξ cosφ)2 sin2 φ
1+ ξ 2− 2ξ cosφ (39)
hs0(τ) =
∫ ∞
−∞
dk‖g(k‖)e
2isq‖vAτ (40)
Eq. (37) is an integro-differential equation describing the
scale-dependent correlation for the wave amplitudesψsk(t) and
is the main result of this work. Solutions to this equation,
which are discussed below, can then be used to obtain the two-
time energy spectrum of MHD turbulence from Eq. (10) as
hs(k,τ) = es(k)Γ˜s(k,τ)eik‖vAτ . (41)
V. DISCUSSION
The governing equation for the turbulence correlation func-
tion Γ˜s(k,τ) is an integro-differential equation of the general
form
d
dτ
Γ(τ) =−α2
∫ τ
0
Γ(τ ′)h0(τ− τ ′)dτ ′ (42)
in which Γ,α2 and h0(τ) play the role of Γ˜
s(k,τ), ε2I(k⊥)
and h−s0 (τ), respectively. It can be shown that the correlation
function h0(τ) defined in (40)
hs0(τ) = R
s(r‖ = 2vAτ) (43)
results from the substitution of r‖ = 2vAτ in the spatial corre-
lation function Rs(r‖) between points separated a distance r‖
in the direction of the background magnetic field B0. It then
follows that the function hs0(τ) can be interpreted as the spatial
correlation function of zs as seen in a frame moving with z−s
waves, in which case the speed is 2vA. Therefore, the decor-
relation time of h−s0 (τ) corresponds to the time it takes z
−s
waves to propagate through zs waves one parallel correlation
length, i.e., τc‖ ∼ 1/2k‖vA.
General solutions to equation (42) will be presented and
discussed in detail in a separate publication; however, it is
worth noting that a closed solution can be obtained to leading
order in α ∼ ε as follows. First, by formally integrating from
time lag τ ′ to τ
Γ(τ)−Γ(τ ′) =−α2
∫ τ
τ ′
∫ ζ
0
Γ(ξ )h(τ− ξ )dξ dζ , (44)
it is shown that the difference between Γ(τ) and Γ(τ ′) is of
order ε2. As a consequence, replacing Γ(τ ′) ≃ Γ(τ) inside
6the integral in Eq. (42) will result only in an ε4 correction,
and the equation becomes
d
dτ
Γ(τ) =−α2Γ(τ)H(τ) (45)
where H(τ) ≡ ∫ τ0 h(τ − τ ′). This simplified form of (42) be-
comes a regular differential equation that can be integrated
through elementary methods, subject to the initial condition
Γ(0) = 1, namely
Γ(τ) = e−α
2
∫ τ
0 H(τ
′)dτ ′ . (46)
A few interesting properties stand out from this solution.
First, note that for short times we have to leading order
H(τ) = H(0)+H ′(0)τ + · · ·= h0(0)τ · · · , (47)
from where it follows
Γ(τ) = e−(ατ)
2/2. (48)
This last approximate solution has the same functional form
of previousmodels of the correlation function in the context of
strong MHD turbulence [18, 19, 22–24]. A second interesting
property of the solution is that because h0(τ) is a localized
function that vanishes for times much longer than τc‖, for large
τ we have
H(τ)≈ lim
τ→∞ H(τ) = const (49)
which leads to the asymptotic solution
Γ(τ) = e−α
2H(∞)τ . (50)
In summary, for short τ the solution exhibits Gaussian be-
havior, while for long time it exhibits exponential behavior.
This might explain why exponential decay has been useful in
previous analysis of spacecraft and simulation data by a num-
ber of authors; see, for instance, Refs. [21, 44].
VI. CONCLUSION
A weak turbulence closure was obtained for the first time
for the two-time energy spectrum of MHD turbulence to lead-
ing order in the wave amplitudes. The resulting closure leads
to an integro-differential equation for the scale-dependent cor-
relation function Γ˜s(k,τ) in the variable τ = t ′− t, which de-
scribes the temporal decorrelation of waves with wavevector
k. The rate of decrease of the correlation at a given scale for
zs waves is determined by the convolution of the correlation
function itself with the spatial correlation of z−s waves, mea-
sured along the propagation direction, as seen in the frame
moving with the zs waves. Approximate solutions were found
by assuming the variation of the correlation function is small
during the crossing time of counterpropagating waves, ex-
hibiting Gaussian behavior for sufficiently small values of τ
and exponential decay for long time lags τ . These results are
largely consistent with similar models of the scale-dependent
correlations measured in simulations and in the solar wind,
and may find applications in other WT regimes in fluid and
plasma turbulence.
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